ABSTRACT. A well-known question asks whether any two non-isometric finite volume hyperbolic 3-manifolds are distinguished from each other by the finite quotients of their fundamental groups. At present, this has been proved only when one of the manifolds is a once-punctured torus bundle over the circle. We give substantial computational evidence in support of a positive answer, by showing that no two manifolds in the SnapPea census of 72 942 finite volume hyperbolic 3-manifolds have the same finite quotients.
INTRODUCTION
A standard approach to studying infinite groups is through their finite quotients. While this has serious limitations in general -exemplified by the existence of infinite groups having no non-trivial finite quotients -in many contexts, the finite quotients of a group encode much important information about it. For instance, the fundamental group of any compact 3-manifold is residually finite, so it has enough finite quotients that every non-trivial element survives in one. The question of how much is encoded in the finite quotients of a 3-manifold group has gathered much attention in recent years. By Mostow Rigidity, π 1 M ∼ = π 1 N implies that M and N are isometric. It is convenient to collect the totality of the finite quotients of a (finitely generated) group G into a single algebraic object, namely its profinite completion G, the inverse limit of the inverse system of its finite quotients, as we introduce in Section 2.1. This topological group determines the set of (isomorphism classes of) finite quotients, and a well-known result, Proposition 5, says that, conversely, it is determined by the set of finite quotients if it is (topologically) finitely generated.
There has been a lot of recent progress in the study of profinite properties of 3-manifolds, with results showing both rigidity and flexibility. Various properties of 3-manifolds have been shown to be profinite invariants (that is, determined by the profinite completion of the fundamental group), including hyperbolicity, by Wilton-Zalesskii [WZ17] , and being fibred, by Jaikin-Zapirain [JZ17] following [BR15] , [BRW17] and [BF15] . Following work of Agol and Wise, 3-manifold groups are good in the sense of Serre; we content ourselves here with commenting that this implies that the profinite completion detects whether or not H 3 (M) is non-trivial, and thus distinguishes cusped from closed hyperbolic 3-manifolds. The most significant progress on Question 1 is a theorem of Bridson, Reid and Wilton [BRW17] , proving that it holds in the case that M is a once-punctured torus bundle over the circle (so that π 1 M ∼ = F 2 Z), building on earlier work that did special cases [BR15, BF15] . The forthcoming paper [BMRS17] gives the first examples of groups which have non-abelian free subgroups and are absolutely profinitely rigid, by which we mean that they are each uniquely determined by their profinite completion amongst all finitely generated residually finite groups. The examples are namely PGL(2, Z[ω]) and PSL(2, Z[ω]), where ω is a cube root of unity, which are fundamental groups of hyperbolic 3-orbifolds, both with the figure eight knot complement as a finite sheeted cover.
The purpose of this paper is to report on a computational proof that the manifolds in the benchmark census of (low) finite volume hyperbolic 3-manifolds have pairwise non-isomorphic profinite completions.
Theorem A. The 72 942 finite volume hyperbolic 3-manifolds in the SnapPea census are distinguished from each other by the finite quotients of their fundamental groups.
These census manifolds are those included in the package SnapPy [CDGW] , of which 11 031 are closed (available in OrientableClosedCensus) and 61 911 are cusped (available in OrientableCuspedCensus). The cusped examples represent all orientable cusped hyperbolic manifolds that can be triangulated with at most 9 ideal tetrahedra.
Note that Theorem A does not however answer Question 1 in the case that we fix M to lie in the census; our computational method can only prove relative profinite rigidity within the census, where both M and N must be chosen from the census manifolds.
The value of Theorem A goes beyond the achievement of providing the first wholesale evidence for a positive answer to Question 1. We mention here one related conjecture, and one direct consequence.
Asymptotic Volume Conjecture. First, Question 1 fits into an important circle of deep work, culminating in the Asymptotic Volume Conjecture following Lück, Bergeron, Venkatesh, Lê, and others. Conjecture 1. Let M be a finite volume hyperbolic 3-manifold with fundamental group G. Then lim sup
The upper bound on the limit has been proved by Lê [Lê14] .
??? FIGURE 1. Implications for M and N finite volume hyperbolic 3-manifolds
One can gradually weaken invariants of manifolds, leading to the spiral of implications shown in Figure 1 . For a manifold M, let FC(M) denote the lattice of finite sheeted covers of M. We can apply the homology functor (with trivial Z coefficients) to get H 1 FC(M), a lattice of abelian groups, which we consider to be annotated by the degrees of the corresponding covers. A standard fact, which we recount in Section 2.1, says that π 1 M determines H 1 FC(M). If we then forget the lattice information, and the number of subgroups of a given index with a given abelianization, we have
That is, FIA(M) is the set of (isomorphism classes of) abelianizations of finite index subgroups of π 1 M, together with their indices in π 1 M. Many results are consistent with the aphorism that homology of finite sheeted covers of hyperbolic 3-manifolds tell us almost anything we could wish to know about them. The logical extreme is the following strengthening of Question 1.
Question 1'. Let M and N be two finite volume hyperbolic 3-manifolds, and suppose that FIA(M) = FIA(N). Must M and N be isometric?
It appears that verifying this conjecture in the SnapPea census with current software is infeasible; see Remark 11 below.
The implications in the figure are drawn as a spiral because, conjecturally, we end up back where we started up to "finite ambiguity", since only finitely many hyperbolic 3-manifolds can have the same finite volume [Thu82, 3.6 Theorem].
We note that FIA(M) is a strictly weaker invariant than π 1 (M), even when M is a compact 3-manifold (although conjecturally this cannot happen in the hyperbolic case). The following example is due to Gareth Wilkes.
Example 2. There are Seifert fibred 3-manifolds M and N such that FIA(M) = FIA(N) but π 1 M ∼ = π 1 N. Indeed, the fundamental groups
are distinguished by their maximal 2-class 6 quotients (of order 2 12 ). These manifolds are commensurable.
As these are Seifert fibred 3-manifolds (and not of the form of Hempel's counterexamples), we can apply [Wil17, Theorem 1.2] to conclude a priori that
No duplicates in the census. Second, Theorem A gives independent verification that the census does not contain any duplicates. The standard way of verifying this is to compute the canonical Epstein-Penner cell decomposition. However, rounding errors in imprecise computational arithmetic of real numbers has previously lead to duplicates. One such pair was identified by Burton [Bur14] . Our verification -while of course dependent on many large computer calculations that cannot be replicated by handinvolves only precise discrete computations, in combinatorial group theory and linear algebra over Z.
Nathan Dunfield has informed us that he is applying similar techniques to distinguish closed hyperbolic 3-manifolds for a new, extended census.
The outline of the paper is as follows. In Section 2 we introduce some basic theory of profinite completions and hyperbolic 3-manifolds, then in Section 3 we discuss practical matters: heuristics, limitations, and our methods. Section 4 gives the results, and future work is discussed in Section 5.
THEORY
If we proceed on the assumption that the census manifold are distinguished from each other by the finite quotients of their fundamental groups, there is a naive algorithm that will prove this for us: simply enumerate finite groups, and determine which manifold groups have them as quotients, until we have enough information to distinguish them all. However, in general we cannot give any prediction as to how long such a verification would take, as discussed below. Indeed, there is a common expectation that the time needed to prove Theorem A would be astronomical (for instance, the 150 groups with trivial abelianization were not distinguished from each other by counting maps onto finite simple groups after several weeks of computation). However, structure theory of the profinite completion and its subgroups and some theory of hyperbolic 3-manifolds reveal why a less naive approach (not simply enumerating maps to finite groups) should be feasible, as our computations have demonstrated.
2.1. Computing with the profinite completion. We refer to [RZ10] for fundamental results on profinite completions. The profinite completion has the expected universal property.
Lemma 4.
There is a natural map ι : G → G such that every map from G to a finite group Q factors through G uniquely.
The map ι is an embedding if and only if G is residually finite.
Proposition 5 ([RZ10, Corollary 3.2.8])
. Let G 1 and G 2 be finitely generated groups with the same finite quotients. Then G 1 ∼ = G 2 .
Lemma 6 ([RZ10, Proposition 3.2.2])
. Let H be a finite index subgroup of G. Let H denote the closure of ι(H) in the profinite topology on G. Then H ∼ = H, and the isomorphism is natural.
Corollary 7.
There is a one-to-one correspondence between finite index subgroups of a finitely generated group G and finite index (open) subgroups of G. This bijection preserves profinite completion, and thus abelianization, as well as normality and the isomorphism class of quotients by normal subgroups.
The word open can be omitted in the statement of the corollary, by the Nikolov-Segal Theorem [NS07] (for which finite generation of G is essential); this is not needed for our applications of this fact, since we only compare finite index subgroups of discrete groups whose profinite completions are isomorphic.
By combining the universal property, and Proposition 5, we see that the set of (isomorphism classes of) finite quotients of a finitely generated group G determines in particular the number of surjections of G onto any finite group.
Two standard approaches to proving a group G to be non-trivial are
• find a non-trivial finite group onto which G maps (or equivalently, a proper finite index subgroup); and
• show that G has non-trivial abelianization.
To show that a group is infinite, one combines these approaches and attempts to find a finite index subgroup of infinite abelianization. These techniques are actually two sides of the same coin: both are attempting to compute invariants of the profinite completion G.
In contrast to the majority of decision problems for groups that one encounters, for profinite completions of finitely presented groups, distinguishing groups G and H is the easy direction: one can enumerate all maps from the groups to finite groups (for instance, via maps to finite symmetric groups of increasing degree) and wait until there is a finite group onto which G maps, say, but H doesn't. The other direction is unsolvable: Bridson and Wilton proved that one cannot even decide if the profinite completion of a finitely presented group is trivial [BW15] . Thus there can be no general computable bound on the time needed for an algorithm to provide proof that two groups have different profinite completions when that is the case, because this would allow us to conclude that the profinite completions are isomorphic, if this is the case, after the allowed computational time has elapsed.
Suppose that one has a set S of groups which is relatively profinitely rigid; that is, for G, H ∈ S, we have G ∼ = H if and only if G ∼ = H. Then given two finite presentations of groups in S we can decide whether the two groups are isomorphic: by day, we attempt to construct a proof that G ∼ = H, and by night, we attempt to prove that G ∼ = H. It is guaranteed that one of these procedures will terminate: Proposition 8. The isomorphism problem is solvable in a relatively profinitely rigid class of finitely presented groups.
Note that the profinite completion does not determine the nilpotent quotients of a group [Rem67] . Thus, a commonly used computational technique for distinguishing groups is not available to us.
2.2. Hyperbolic 3-manifolds. Non-abelian simple quotients have previously proved to be effective at distinguishing profinite completions of groups. This was a natural place to look in work on parafree groups of Baumslag-Cleary-Havas [BCH04] , because nilpotent quotients cannot distinguish those groups. For the hyperbolic 3-manifolds in the SnapPea census, nilpotent quotients are often similarly ruled out because b 1 (M, Z/p) ≤ 1 for all primes (for example, for many one-cusped examples, such as all knot complements, with H 1 (M, Z) ∼ = Z), which means no non-abelian nilpotent quotients. The profinite completion already encodes all the abelian quotients.
A further theoretical justification for using simple groups is that Long-Reid proved that finite volume hyperbolic 3-manifolds are residually simple [LR98] .
Dunfield and Thurston tabulated for each finite simple group of order up to 32 736 the percentage of closed census manifolds with that simple group as a quotient of the fundamental group [DT03, Table 2, p. 12]. Amongst these finite simple groups and these manifolds, a random manifold has a random simple group as a quotient with probability 34.7%. The Mathieu group M 11 is a quotient of only 17.1% of the manifolds, which is minimal for the simple groups considered.
Note that the achievement of Bridson-Reid-Wilton was to show that the set of groups F 2 Z is profinitely rigid. It is not known whether extensions of non-abelian free groups by cyclic groups are profinitely rigid in general. Many examples, in fact more than 47% of the census manifolds, are free-by-cyclic (as determined by Brown' 
A more ambitious variant of Question 1 would be to allow one of the two groups to be any finitely generated residually finite group, that is, to ask whether finite volume hyperbolic 3-manifolds are absolutely profinitely rigid; it is open whether this greatly strengthened conjecture holds. Remesslennikov's question of whether free groups are distinguished in the class of all finitely generated residually finite groups by their profinite completions also remains open.
3. PRACTICE 3.1. Heuristics. Two strategies to distinguish profinite completions are
• find abelianizations of finite index subgroups; and • count maps onto finite (simple) groups (up to automorphisms of the quotient).
By factoring out automorphisms of the quotient, we are counting the normal subgroups which give the specified finite group as quotient.
One would hope to distinguish hyperbolic 3-manifolds using FIA. Certainly, it appears experimentally that this approach is more effective that enumerating finite quotients. This mimics the phenomenon of Dunfield-Thurston [DT03] , where it was easier to verify the virtual Haken conjecture by verifying a stronger, more algebraic, result, namely virtual positive first Betti number, which also involves abelianizations of finite index subgroups. A fundamental difference in character between the virtual Haken conjecture and Question 1 is that one only needs to exhibit a Haken cover to prove the conjecture in a specific instance. In our present case, not only are we unable to prove profinite rigidity relative to the class of all finite volume hyperbolic 3-manifold groups, it is difficult to imagine an easily verifiable certificate just within the census, because distinguishing profinite completions requires proving non-existence of certain quotients or certain abelianized subgroups, and it is not at all clear how one might do this without repeating the exhaustive enumeration.
However, enumerating all subgroups of index n has complexity factorial in n, and many manifolds have the same abelianizations of low index subgroups.
We thus turn to a powerful combination of the two naive strategies: determining maps onto finite simple groups, then computing the abelianization of the kernel. There is a very good heuristic reason for why this should be effective; we quantify this using entropy, the expected information in a random variable.
Definition 9. Let X be a discrete random variable taking values in {x 1 , . . . , x n }, each with probability P(x i ). The entropy of X is
The maximal entropy of a random variable taking n values is log 2 n bits, and occurs when it is the uniform distribution (each value occurs with probability 1 n ). Our random variables will be the value(s) of invariants for the N = 72942 census manifolds, drawn uniformly. The entropy is log 2 N if and only if a given set of invariants completely distinguishes the manifolds.
The number of maps from a group G defined by a k generator presentation onto a finite group Q of order n is certainly at most n k . (For non-abelian simple groups, with few outer automorphisms and very high probability that a random pair generates, n k−1 is a fairly good approximation for the upper bound coming from the free group.) Thus, computing the number of maps to a given finite group can only provide us with approximately k log 2 n bits of information.
On the other hand, torsion in homology grows very quickly (the torsion-free rank also provides useful, albeit secondary, information). We expect its size, following the Asymptotic Volume Conjecture, to be on the order of e n Vol(M)/6π for a normal subgroup of index n. Figure 3 on page 12 gives an illustration of how closely the actual homology groups computed for certain simple covers correspond with the predictions of the conjecture. Thus we get entropy that is linear, rather than logarithmic, in the size of the quotient Q considered, provided the homology groups arising are sufficiently varied. (In considering these heuristic estimates, we must keep in mind that there is a bound of log 2 N on entropy for any collection of invariants, and that the random variables will not be independent so we cannot simply sum up their respective entropies.) For any given Q, a large but not overwhelming percentage of manifolds will have the same amount of information under both schemes, as they have no surjections onto Q; when a group has more than 1 surjection to Q, this only helps us.
Remark 10. There are various ways one could measure how a set of invariants contributes towards distinguishing a finite set of objects. We believe that entropy is the best measure. Simple alternatives, such as counting the number of equivalence classes or the number of objects that have been distinguished from all the others, fail to capture the "shape" of the partition. Consider for example two possible partitions of 10 objects, either as 5 pairs or as sextuple and 4 singletons. Entropy captures well the intuitive view that partitioning the set into 5 pairs is better progress. TABLE 1 . Entropy in the number of regular covers K of M with Galois group isomorphic to a given finite simple group, for M in the census; entropy in the (multi)set of abelianizations of such covers; entropy amongst only those manifolds with at least one such simple cover; upper bound on that entropy Table 1 lists the entropy of counting maps to some finite simple groups for the sample space of SnapPea census manifolds (taken uniformly at random). The last two columns demonstrate that a lot of the gap between entropy of the homology of covers K and the upper bound of log 2 (72942) is accounted for by the number of manifolds which have no such cover.
We now recount a very concrete example of the power of computing abelianizations of kernels. The two knots identified in SnapPy as K14a3482 and K14a3494 are very difficult to distinguish. KnotKit [See] ), and they have the same number of surjections onto any simple group of order less than 2500. Nonetheless, the abelianization of kernels of maps to the simple group PSL(2, 7) suffices to show that their profinite completions differ.
As well as having high entropy, the kernels (as a set) are characteristic, and the problem of proving non-existence is dissolved into enumerating maps to a finite quotient. Enumerating non-normal subgroups even of index 60 = |A 5 | is completely infeasible.
Difficulties and limitations.
The main concerns at this point are twofold: the gap between predictions of torsion in homology and actual low volume results, and the correlation between different invariants.
A practical difficulty, which we are yet to explain satisfactorily, is that GAP has extreme difficulty computing GQuotients on a small number of examples (less than 1 in 1000, at least for the smallest of simple quotients). For instance, the fundamental group G of the manifold identified in SnapPy as t05599(0,0) has the presentation
It has one normal subgroup N of index 60 with quotient G/N ∼ = A 5 , and H 1 N ∼ = Z 12 × Z/12. Computing all the surjections from G to A 5 with GQuotients (which works very directly with the finite presentation) takes GAP 20 minutes and requires gigabytes of memory. We rolled our own method, enumerating all maps from the group G to its quotient Q. The number of iterations we run is bounded by |Inn(Q)\Q| · |Q| d(G)−1 , because we can assume without loss of generality that the first generator of G is sent to a preferred element in each conjugacy class, and then send the second generator to a preferred element modulo the centralizer of the image of the first element, and so on. In short, the tuple of images of generators is chosen to be minimal under the lexicographic ordering (after picking an arbitrary order on Q) within its conjugacy class. We simply check at the end which maps give the same kernel; since simple groups have such small outer automorphism groups, we will by this point have only overcounted by a factor of 2 or 4 usually (and it is not worth the hassle of explicitly factoring out by the action of Aut(Q) and not just Inn(Q) before this stage). Our method computes all surjections of the aforementioned G onto A 5 in under a second, a speed up of over 1000.
3.3. Methods. We computed the minimum number of invariants to distinguish the groups. That is, as soon as a group had been distinguished from the others, it was removed from consideration. We computed
• abelianizations of subgroups up to index 7;
• the abelianization of the maximal abelian cover if that was finite index, and failing that the cyclic covers up to index 10 if the abelianization was Z; then • abelianizations of kernels of maps to small finite non-abelian simple groups This was performed in parallel in twenty cores, coordinated by a python script. We used the wonderful program SnapPy [CDGW] to work with the manifolds in question, and in particular to extract group presentations, and used GAP [Gro16] for all the group theoretic computations. • all subgroups up to a given index, together with • all kernels of maps onto the smallest 1, 2, 3, 4 or 5 non-abelian simple groups is indicated in Figure 2 . The plots are very similar; we note however that the integral homology of a manifold alone, which only distinguishes 102 or the manifolds, still has approximately 4 bits of information.
RESULTS

Theorem
Remark 11. We were unsuccessful in distinguishing the groups using only FIA. For the 11 031 closed manifolds in the census, two months of CPU time was insufficient. At (A) Number of manifolds distinguished (B) Entropy FIGURE 2. Information in low-index subgroups and small simple quotients. Each bar corresponds to the information contained in both the abelianization of all subgroups up to a given index and the abelianization of kernels of maps onto the smallest 1, 2, 3, 4 or 5 non-abelian simple groups (hence the monotonicity).
this point, there were 13 manifolds left to be differentiated, in 5 pairs and 1 triple. No proper subgroups had been found for these 13 examples up to index 12. Beyond this index, the exhaustive search for finite index subgroups can take months for a single group. Under the reasonable assumption that these groups do have enough subgroups waiting at index 13, verifying that FIA distinguishes them would take years of CPU time. Thus, it is unlikely that we could succeed at this task in our lifetime without implementing a parallel algorithm for enumerating low-index subgroups.
A very natural question to ask at this point, especially in light of the preceding remark, is: what indices of subgroup are needed, and what order of simple quotients? For instance, a group with no subgroup of index up to 12 cannot map onto any of the 5 simple groups of order less than 1000, because they all have low index subgroups that could be pulled back.
The answer is that the largest simple quotient used was PSL(2, 23), of order 6072. We tabulate the number of manifolds groups whose profinite completions had been distinguished from all the others at each stage of the computation in Table 2 . In addition, for the 13 non-abelian simple groups used we list their order and minimal index of a proper subgroup. With the exception of PSU(3, 3) (which happened to provide no useful information), they all have a subgroup of index 24 or less.
Remark 12. This does not mean that all of the 3-manifold groups considered have a subgroup of index 24 or less: we stopped computing subgroups of a group as soon as it was distinguished from all the others. What we can definitely say is that every group has a subgroup of index at most 401, the largest prime p such that there exists a : K s.t. π 1 M/K ∼ = Q amongst manifolds M having a cover with Galois group Q, which accounts for at least 64% of the census manifolds in each of the cases Q ∼ = A 5 , PSL(2, 7), A 6 illustrated. The Asymptotic Volume Conjecture predicts a value of 1.0 for the limit supremum as the index goes to infinity. manifold M for which Z p is the smallest non-trivial quotient of H 1 M. The only such M for p = 401 is v1860(2,3) (with H 1 M ∼ = Z 401 ), so we did not need to find any other subgroups of π 1 M (it does, however, surject onto PSL(2, 14), so it has a subgroup of index 14). The last of the 150 perfects groups remaining was the fundamental group of s636(-4,3), which was distinguished by virtue of having no maps onto the non-abelian simple groups up to PSL(2, 16). We determined separately that it maps onto PSL(3, 3), so it has a subgroup of index 13 (much less than 401).
FUTURE WORK
Technical improvements. If one were to attempt to distinguish the manifolds using FIA alone, it would be possible to construct a partial certificate, from which one could reliably re-prove the appropriate version of Theorem A more quickly. For instance, if at some point it was necessary to distinguish a group G with a 2-generator presentation and a group H with a 3-generator presentation, a certificate could record a description The number of groups distinguished at each stage, and for the 13 smallest non-abelian simple groups also the order and minimal index of proper subgroups of a subgroup of H (as stabilizer of a point in a permutation representation), and then one only needs to show that G has no subgroup at that index with that abelianization; this is much faster than enumerating subgroups in H exhaustively, because of the difference in presentation rank. We emphasize that the time spent finding low index subgroups dominates the time spent computing their abelianizations.
Many invariants turned out to provide little entropy (or not to help distinguish some subset of the groups at all). An interesting and natural question is: given all the invariants computed, and the times of computation (or re-computation, modulo a potential certificate) per invariant per group, what is a collection of pairs of invariant and group, whose determination proves that the groups are distinct, with minimal computation time? This is in fact an NP-complete problem, as was proved by Hyafil and Rivest [HR76] . However, given that, especially for low index subgroup enumeration, the time required grows quickly, it seems that heuristics would allow for a very good approximation to the optimal binary decision tree.
One could also exploit the lattice structure of FIA, although thus far we have not produced a concrete example where this provides additional information over the multiset of abelianizations together with subgroup index. The extra complication of solving the isomorphism problem for lattices is a dissuading factor, at least in implementing the use of this additional structure (we imagine that the time spent computing the subgroups would however still dominate the time solving the lattice isomorphism problem).
Knot groups. One is most interested in profinite rigidity in settings where the fundamental group determines the manifold. This is not true of knot complements in general, but it is true for complements of prime knots (modulo mirror symmetry). Thus Boileau and Friedl proposed [BF15] the question of whether the complements of prime knots are profinitely rigid. From an experimental point of view, however, this question is almost exactly the same as Question 1: of the 1 701 935 prime knots of crossing number at most 16 tabulated by Hoste, Thistlethwaite and Weeks [HTW98] , only 32 are non-hyperbolic. We plan to apply our machinery to this collection of examples in any case. Fortunately, the knots are available in SnapPy with group presentations of quite low rank: 67% are rank 3 and 31% are rank 4, with only 10 examples of rank 6, the largest occurring. (For comparison, the standard Wirtinger presentation for a knot group given a knot diagram has as many generators as the diagram has crossings, which is prohibitive when equal to 16.)
Moreover, we are lucky that the unsigned Alexander polynomial (that is, the Alexander polynomial modulo multiplication by ±1) has recently been shown to be a profinite invariant [Uek17] . This takes us most of the way: we computed the entropy of the unsigned Alexander polynomial amongst the prime knots of crossing number at most 16 to be 16.67, which is very close to the entropy of log 2 (1701935) = 20.70 that full discrimination of these knots would require. An interpretation of the gap of 4.03 is that a random knot lies in an unsigned Alexander polynomial equivalence class of size 2 4.03 ≈ 16, where this average is computed as the geometric mean. Indeed, 49.6% of the knots are in an equivalence class of size at most 16. There are 140 261 knots, representing 8.2% of the total, that are each already distinguished from all the others by their unsigned Alexander polynomial, which leaves us with 1 561 674 knots.
Thus we are optimistic that by exploiting some knot theory we will be able to carry out this experiment to completion. It will, however, take much longer than the SnapPea census experiment. In particular, a random sample of 1000 of the 57 005 pairs of knots with the same Alexander polynomial (modulo sign) took approximately 4.5 hours of CPU time. At this rate, extrapolating generously -whereas we anticipate that the larger Alexander polynomial equivalence classes would take longer per knot -we have an estimated lower bound of 150 days of CPU time. By a theorem of Fox, the torsion in homology of the cyclic covers of a knot is determined by its Alexander polynomial. Moreover, the homology of cyclic covers will be periodic when all roots of the Alexander polynomial are roots of unity [Gor72] , so we cannot get away with using just these obvious subgroups, and will inevitably have to search for non-nilpotent finite quotients, and most likely finite simple quotients. Each such GQuotients search takes on the order of seconds; 1.5 million seconds is approximately 17 days.
